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INTRODUCTION 
Ultrasonic techniques are widely employed for nondestructive testing. However, 
residual stresses in materials, resulting from service conditions or from manufacturing 
processes such as rolling, drawing, or welding, usually cause significant nonlinear effects 
in. stress wave propagation. The elastic wave speeds can be changed by stresses in a solid; 
this phenomenon is called the acoustoelastic effect. 
Nonlinearity is described in terms of higher-order elastic constants, such as the 
third-order elastic constants (TOE). The primary interest of this paper is to investigate 
the effects of TOE and residual stresses on the propagation of guided waves in layered 
media. The TOE constants playa primary role in accounting for the anharmonic and 
nonlinear properties of solids, and in some situations they alone suffice to describe the 
nonlinear behavior. There are many ways to determine TOE constants, especially from 
ultrasonic harmonic generation measurements described in [1]. The newest estimates can 
be found in [2]. 
The basic theory of acoustoelasticity is based on a continuum theory of small 
disturbances (ultrasonic waves) superimposed on an elastically deformed body. By 
adding terms involving TOE constants in the constitutive equations, the modem theory of 
acoustoelasticity was initially developed by Hughes and Kelly [3], Toupin and Bernstein 
[4], and Thurston and Brugger [5]. Since then, considerable progress has been made on 
the theory and experiments of acoustoelasticity. When the theory was applied later to 
measure residual stresses by ultrasonic techniques, however, it encountered the difficulty 
that the preferred orientations of crystalline grains in some metals, known as the texture 
effect, induce anisotropy in the mechanical property of the materials. To account for the 
inherent anisotropy, several theories of acoustoelasticity were proposed [6-10]. A 
modified theory is proposed later to include the effect of small plastic deformation on 
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propagating speeds of elastic waves in orthotropic media [11] and ultrasonic experiments 
were performed on a carbon steel specimen [12]. 
The possibility of using guided waves to characterize the bond strength was 
investigated recently [13]. A parametric study of guided waves in bonded plates was 
carried out by Xu and Datta [14]. . 
This paper focuses on the propagation of acoustoelastic guided waves in layered 
media. By using the Stroh's method, a systematic approach to study the acoustoelastic 
guided waves is developed. The methodology provides a simple and compact 
formulation that is convenient for numerical evaluation. The problem is stated in the next 
section. The Stroh's method and its application to guided waves are formulated in the 
section of Solution Method. Then several numerical examples are presented. Finally, a 
summary and some conclusions are given. 
PROBLEM STATEMENT 
Consider a thin adhesive layer sandwiched between two bonding layers as shown in 
Fig. 1. A Cartesian coordinate system ( Xl ,x2 ) is used such that the adhesive layer 
occupies the region o:s: X2 :s: h. It is assumed that all three materials (layers 1, 2 and 3) 
are isotropic and linearly elastic. 
The equations of motion in the eft layer ( a = 1, 2 and 3 ) are 
~[(t5 a-(a) + C(a) y::u~a) 1 = p' (a) L i (a) )82u~a) 
& ~ mp nq mnpq at \ Irk ",2 , 
n q U t 
where CThi is the initial stress field in the eft layer and C;:~pq is the effective stiffness 
tensor given by 
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Fig. 1 An adhesive layer sandwiched between two bonding layers 
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(1) 
In (2), A,ta) and pea) are the Lame constants, m~a) (n = 1,2 and 3) are the third-order 
elastic constants, and s}:~ is the initial strain field related to the initial stress tensor c7~~ 
through Hooke's law 
(3) 
On the surface X2 = h + Hi and X2 = -H2 , the traction-free boundary conditions 
imply 
(4) 
(5) 
The continuity conditions of the displacements and tractions at the interfaces X2 = h 
and X2 =0 are 
(6a,b) 
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(7a,b) 
The above governing equations and boundary conditions form the boundary value 
problem for acoustoelastic waves propagating in the tri-Iayer medium shown in Fig. 1. 
The boundary value problems will be solved in the next section by using the Stroh 
method. 
SOLUTION METHOD 
For the steady state two-dimensional problem studied here, the displacements of 
the guided waves can be written as 
where 
ilea) = 1 = ii(a) exp[ik(Xl + pea) X2 - ct)] f
uCa)] 
(a) , U2 
k = wave number, 
c = phase velocity of the guided wave, 
p(al= to be determined (its imaginary part gives the decay parameter), 
ti(al = vector to be determined (polarization). 
Substitution of equation (8) into (1) yields 
where 
r ea) _ s: • (a) C' (a) RCa) _ s: • Ca) C· Ca) 
mp - Ump(J 22 + m2p2, mp - u mp (J12 + mlp2, QCa) _ s: 'Ca) C'Ca) mp - u mp (Jl1 + mlp2' 
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(8) 
(9) 
(11) 
and I is the identity matrix. For non-zero solutions, one must have 
det{B(a)} = O. (12) 
Equation (12) has two pairs of complex conjugate roots for p(a). Assuming 
p(a) _ diaJp(a) p(a) p-(a) p-(a)] 
- 6[,1'2'1'2, (13) 
where the over bar is used to denote the complex conjugates. The characteristic vectors 
corresponding to p~l (n = 1,2) are assumed as a~a). Next, consider guided waves of the 
type 
(14) 
where j<a l is an arbitrary constant vector in the a th layer and 
A(a) = [ii(a) ii(a) a(a) a(a)] 
1 ' 2 ' 1 ' 2 , (IS) 
(16) 
Substitution of equation (14) into equations (4) to (7) yields 
B/=O, (17) 
where 
Bll 0 0 
0 0 B 23 
B(c,kh) = B31 B32 0 
B41 B42 0 (18) 
0 BS2 BS3 
0 B62 B63 
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Ell = [ R(I/ A (I) + f(l) A (1) ,0(1) ]£(1) (h + HI) 
E23 = [ R(3/ A (3) + f(3) A(3) ,0(3) ]£(3) (- H 2) 
B31 = ](1) £(1) (h) 
B32 = _](2) E(2) (h) 
E41 = [R(I/ ](1) + f(l) ](1) pel) ]£(1) (h) 
B42 = -[ R(2/ ](2) + f(2) ](2) ,0(2) ]E(2) (h) 
- -(2) 
B52 =A 
- -(3) 
B53 =-A 
- _[-(2/-(2) -(2)-(2)-(2)] 
B62 - R A + TAP . 
- [-(3/-(3) -(3) -(3) -(3)] B63 = - R A + TAP 
For non-zero solutions, one must have 
det{B(c,kh)} = 0 
(19) 
(20) 
The above equation provides the dispersion relationship between phase velocity of the 
guided wave and the non-dimensional wavenumber, i.e., the c-kh relationship. 
NUMERICAL EXAMPLES 
A Pre-Stressed Aluminum Plate 
Assume HI = H 2 = 0 in equation (20), one can obtain the dispersion relationship 
for acoustoelastic guided waves in the pre-stressed aluminum plate. Their phase velocity 
dispersion curves are shown in Fig. 2 for a-}~ = 200 MPa. 
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Fig. 2 Dispersion curves in a pre-stressed 
aluminum plate 
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Fig. 3 Dispersion curves in the Al film 
on a silicon substrate. 
A Thin Aluminum Film on a Silicon Substrate 
Assuming HI = 0 and H 2 = 00 in equation (20), the dispersion relationship for a 
guided wave in the thin film can be obtained. The dispersion curves are shown in Fig. 3 
for a-[:) = 100 MPa in the aluminum layer and a-g) = 0 in the silicon substrate. 
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Fig. 4 Dispersion curves for various 
magnitude of the residual stresses. 
100 
4000 
2500 
: ' /\,:: ..... 100011 ~~_ 
000 025 
I • III", 
20"., 
0.50 075 100 
/ill 
Fig. 5 Dispersion curves for various 
values of the third order elastic constants. 
An Adhesive Layer of FM-73 Sandwiched Between Two Aluminum Bonding Layers 
The phase velocity dispersion curves of guided waves in a pre-stressed adhesive 
layer of 0.127(mm) sandwiched between two aluminum bonding layers of 1.6(mm) are 
. . F' Th' . 'al fi Id ' d A (I) A (3) o· hal' given ill Ig. 4. e Imtl stress Ie IS assume as 0'11 ;: 0'11 = ill t e umillum 
substrate and a-g) = 50 MPa in the FM-73 adhesive layer. 
To see the effect of the third-order elastic constants, Fig. 5 shows the phase velocity 
. . W w ro w ro· dispersIOn curves for m3 = 0, m3 = 0.1 m1 and m3 = 0.2 ml With other 
parameters unchanged. 
SUMMARY AND DISCUSSIONS 
A systematic approach has been formulated to analyze acoustoelastic guided waves 
in layered media. The methodology provides a simple and compact formulation that is 
convenient for numerical evaluation. Preliminary results are obtained for several 
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examples including a pre-stressed aluminum plate, a thin aluminum film on a silicon 
substrate, and an adhesive layer of FM -73 sandwiched between two aluminum bonding 
layers. These preliminary results show that the dispersion curves are very insensitive to 
the residual stresses in a single layer, or a coating layer. However, dispersion curves in a 
tri-Iayer medium are very sensitive to residual stresses. Therefore, the magnitude of 
residual stresses can be measured and used as a descriptor of the curing and physical 
aging process. The results also show that the dispersion curves are fairly sensitive to the 
change of the third order elastic constants of the adhesive. Since the third order elastic 
constants are related to the microstructure and non-linear behavior of the materials, it is 
therefore perceivable that damage and degradation of adhesives may be better 
characterized by using non-linear parameters, such as the higher order harmonics, that 
are related to the third order elastic constants. 
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